Abstract It is well known that every non-reflexive M -ideal is weakly compactly generated (in short, WCG). We present a family of Banach spaces {Vs : 0 < s < 1} which are not WCG and such that every Vs satisfies the inequality ϕ πϕ
Introduction
Let X be a Banach space. Recall that X is an M -ideal if ϕ = πϕ + ϕ − πϕ ∀ϕ ∈ X * * * , where π denotes the canonical projection from X * * * onto X * (for complete information about M -ideals, see [6] ). X is said to be weakly compactly generated (in short, WCG) if X is the closed linear span of a weakly compact subset of X. Fabian and Godefroy showed in [4] (cf. [6] ) that every non-reflexive M -ideal is WCG. Indeed, it is proved in [1] that if X is an Asplund space with the property that for each ϕ ∈ X * * * , ϕ − πϕ < ϕ whenever πϕ = 0, then X is WCG.
Following [1] In a Banach space X, the closed unit ball is denoted by B X . The Banach space of all bounded linear operators on X will be denoted by L(X). For a set A ⊂ X, we denote by lin A its linear span.
In the next section, we exhibit some techniques for constructing Banach spaces satisfying the M (r, s)-inequality.
Example
First, we show some results which will be a key tool in the construction of examples of Banach spaces satisfying the M (r, s)-inequality. The next result generalizes a result in [8] . 
Proof . Let ε > 0 and ϕ ∈ X * * * , and consider x * * ∈ B X * * and x ∈ B X such that
By (2) and (3), there is α sufficiently large such that
Hence, 
Proof . This follows from the weak * density of B X in B X * * and the above result.
The following assertions are equivalent.
Proof . For each α, consider the operator
Then (1) means that lim sup α V α 1, and (2) means that lim sup α V * α
1.
Now we present a Banach space V similar to the Banach space U given in [7, Example 1]. Let {N γ : γ ∈ Γ } be a collection of infinite subsets of the integers such that N γ ∩ N γ is finite for γ = γ , and such that Γ has the cardinality of the continuum. Denote
where for each n ∈ N, Γ n = {γ ∈ Γ : n ∈ N γ }, ∞ and c 00 (Γ ) are equipped with the usual sup norm · ∞ . V denotes the completion of V 0 .
Observe that, given (y, z) ∈ V 0 , we have that for each γ ∈ Γ , z(γ) = lim n∈Nγ y(n). So, (y, z) = y ∞ . On the other hand, note that the functionals (y, z) → y(n), n ∈ N, form a total set in V * 0 . Hence, V * is w * -separable. Therefore, the proof of the next result follows from the one given in [7, Example 1].
Proposition 2.4. V satisfies the following properties.
(1) V has a subspace X isometric to c 0 such that V/X is isometric to c 0 (Γ ).
(2) V is not WCG. 
and b s = sa s .
It is straightforward to show that
Now consider in 1 ⊕ 1 (Γ ) the following norm:
for all y * ∈ 1 , z * ∈ 1 (Γ ). Following the correction given by Johnson and Lindenstrauss in [7] , it is easy to show that · s is an equivalent dual norm on V * . In fact, from the form of the duality between V and V * , it follows that the norm · s is weak * -lower semicontinuous. As a consequence, V has an equivalent norm whose dual norm on V * coincides with · s (see [3, Theorem 3, p. 106]).
We will now prove that V s satisfies the M (1, s)-inequality. In fact, consider the set 
and for each (n, F ) ∈ A, we consider P n,F : V −→ V defined as follows: for (y, z) ∈ V 0 , P n,F (y, z) = (y 0 , z 0 ), where
We extend P n,F to V by continuity.
We prove that for each (n, F ), Im P * * 
So, P * * n,F (y, z) ∈ V . We now show that for each x ∈ V and (y * , z
Indeed, let ε > 0, and suppose that x = (y, z) ∈ V 0 . For (n, F ) large enough, we have that {γ ∈ Γ : z(γ) = 0} ⊂ F and
On the other hand, it is easy to show that P * n,F (y * , z * ) = (y * 0 , z * 0 ), where
Hence,
We obtain the desired conclusion by taking (n, F ) sufficiently large that 
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Finally, we prove that (P n,F ) satisfies condition (2) of Proposition 2.3 for r = 1 and s. In fact, by ( * ), for each (n, F ) ∈ A and (y * , z * ) ∈ V * , we have that
Remarks 2.6. (2) Note that · s on V is not Fréchet differentiable. In fact, this follows from the equality 
